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Abstract. The paper presents some recent results on the Weil-Petersson geometry theory 

of the universal Teichmiiller space, a topic which has wide applications to various areas 

such as mathematical physics and differential equation. It is shown that a sense-preserving 

homeomorphism h on the unit circle belongs to the Weil-Petersson class, namely, h can 

be extended to a quasiconformal mapping to the unit disk whose Beltrami coefficient is 

r^ ' square integrable in the Poincare metric if and only if h is absolutely continuous such that 

jrt ' log /i belongs to the Sobolev class H 2 . This solves an open problem posed by Takhtajan- 

Teo in 2006 and investigated later by Figalli, Gay-Balmaz-Marsden-Ratiu and others. It 

turns out that there exists some quasisymmetric homeomorphism of the Weil-Petersson 

3 -, 

class which belongs neither to the Sobolev class H2 nor to the Lipschitz class A . Based 

►^ on this new characterization of the Weil-Petersson class, a new metric is introduced on 

r~^ , the Weil-Petersson Teichmiiller space and is shown to be topologically equivalent to the 

^\ ' Weil-Petersson metric. 



1 Introduction 



We begin with some basic definitions and notations. Let A = {z:|z|<l} denote 
the unit disk in the extended complex plane C. A*=C — Ais the exterior of A, 
r\ • S^ = dA = dA* is the unit circle, and M is the real line. 

c^ ! Let Hom"'"(S'^) denote the set of all sense-preserving homeomorphisms of S"^ onto 

itself. A homeomorphism h e Hom"'"(5'^) is said to be quasisymmetric if there exists 
some constant M > such that 

(1.1) -<Pr4<M 

for all pairs of adjacent arcs /i and I2 on 5'^ with the same arc-length |/i| = |/2|(^ ^r). 
Beurling-Ahlfors [BA] proved that h G Hom"'"(5'^) is quasisymmetric if and only if there 
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exists some quasiconformal homeomorphism of A onto itself which has boundary values 
h. Later Douady-Earle [DE] gave a quasiconformal extension of h to the unit disk which 
is also conformally invariant. 

The universal Teichmiiller space T is a universal parameter space for all Riemann sur- 
faces and can be defined as the space of all normalized quasisymmetric homeomorphisms 
on the unit circle, namely, T = QS(5'^)/Mob(5'^). Here, QS(S'^) denotes the group of 
all quasisymmetric homeomorphisms of the unit circle, and Mob(5'^) the subgroup of 
Mobius transformations of the unit disk. It is known that the universal Teichmiiller 
space plays a significant role in Teichmiiller theory, and it is also a fundamental object 
in mathematics and in mathematical physics. On the other hand, several subclasses 
of quasisymmetric homeomorphisms and their Teichmiiller spaces were introduced and 
studied for various purposes in the literature. We refer to the books [Ah], [FM], [Ga], 
[GL], [Hu], [IT], [Le], [Na], [Po2] and the papers [AZ], [Cu], [GS], [HS], [SW], [TT2] for 
an introduction to the subject and more details. 

It is also well known that the universal Teichmiiller space has a natural complex Ba- 
nach manifold structure under which the hyperbolic Kobayashi metric is the classical 
Teichmiiller metric (see [Ga], [Ro] or [EKK]). However, the Kobayashi- Teichmiiller met- 
ric on any Teichmiiller space is only induced from a Finsler structure (see [Ob]) and is 
not a Riemannian metric in general. On the other hand, there does exist a Riemannian 
metric on a finite dimensional Teichmiiller space, the Weil-Petersson metric, which has 
attracted a good bit of attention (see [Hu], [IT], [TT2]). In order to extend the defi- 
nition of the Weil-Petersson metric to the universal Teichmiiller space, Nag-Verjovsky 
[NV] introduced a formal formula for the Weil-Petersson metric, which converges only at 

3 

those vectors on the unit circle that belong to the Sobolev space H^^ however. To over- 
come this difficulty, Takhtajan-Teo [TT2] endowed the universal Teichmiiller space with 
a new complex Hilbert manifold structure, under which the Weil-Petersson metric is a 
convergent Riemannian metric. But, under this new complex Hilbert manifold struc- 
ture, the universal Teichmiiller space T is not connected and has uncountably many 
connected components. In this paper, the component containing the identity map is 
called the Weil-Petersson Teichmiiller space, which is denoted by Tq. Takhtajan-Teo 
[TT2] proved that, under the Weil-Petersson metric, Tq is precisely the completion of 
Diff_|_(S'^)/Mob(S'^), the space of all normalized C°° diffeomorphisms on the unit circle. 
It is known that the complex Frechet manifold Diff+(5'^)/Mob(5'^) plays an important 
role in one of the approaches to non-perturbative bosonic closed string field theory based 
on Kahler geometry (see [BRl-2]). 

A quasi-symmetric homeomorphism which represents a point in Tq is said to belong to 
the Weil-Petersson class, which is denoted by WF{S^). Then Tq = WF{S^)/M6h{S^). 
Recall that a quasi-symmetric homeomorphism h belongs to WP(5'^) if and only if h has 
a quasiconformal extension / to the unit disk whose Beltrami coefficient n satisfies the 
property that ff^ \fx{z)\'^{l — \z\'^)~'^dxdy < oo. (see [Cu], [TT2]). The tangent space to 

3 

To at the identity consists of precisely the H^ vector fields on the unit circle with some 
normalized conditions (see [NV], [TT2]). Due to their importance and wide applications 
to various areas such as mathematical physics and differential equation (see [GMR] , [Ku] , 
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[TTl]), the Weil-Petersson class and its TeichmiiUer space have been much investigated 
in recent years (see [Fi], [GMR], [HS], [Ku], [TTl-2], [Wu]). However, it is still an open 
problem how to characterize the regularity of the elements in WP(5'^). This problem 
was proposed by Takhtajan-Teo in 2006 (see page 68 in [TT2]) and was investigated 
later by Figalli [Fi], Gay-Balmaz-Marsden-Ratiu [GMR] and some others. Since Tq is 
modeled on H^ , it is hoped that an element in WP(»S'^) also has i7 2 -regularity (see 
[GMR]). In fact, based on the results by Figalli [Fi], Gay-Balmaz-Marsden-Ratiu [GMR] 
were able to prove that each homeomorphism in WP(5'^) belongs to H2~'^ for each 

3 

e > 0. However, we shall prove that the if 2 -regularity may fail for a quasisymmetric 
homeomorphism in the Weil-Petersson class. 

Theorem 1.1. There exists some quasisymmetric homeomorphism in WP(5'"'^) which 
belongs neither to the Sobolev class H2 nor to the Lipschitz class A^. 

The proof of Theorem 1.1 relies on the following result, which characterizes the reg- 
ularity of a quasisymmetric homeomorphism in the Weil-Petersson class and solves the 
above-mentioned problem posed by Takhtajan-Teo [TT2]. 

Theorem 1.2. A sense-preserving homeomorphism h on the unit circle belongs to the 
Weil-Petersson class WP(5'"'^) if and only if h is absolutely continuous {with respect to 
the arc-length measure) such that log h' belongs to the Sobolev class H2 . 

It is easy to see that the Weil-Petersson class WP(5'^) can be generated by the flows of 
the H2 vector fields in the unit circle (see [GMR]). However, it is still an open problem 
whether or not the fiows of the if 2 vector fields are contained in WP(5'^), thought it is 
believed to be so (see [Fi]). Our Theorem 1.2 may shed some new light to this problem. 
In an attempt to study the regularity of the elements in WP(5'^), Figalli [Fi] investigated 
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the regularity of the flows of the H2 vector flelds and showed that there exists some 

3 3 

if 2 vector field whose flow map is neither Lipschitz nor if 2. An immediate corollary of 
Theorem 1.1 is the following result, which improves Figalli 's result in the sense that our 
flow map is also in WP(5'^), while in Figalli's example, it is not known whether or not 
the flow map is in WP(5'^). 

Corollary 1.3. There exists some if 2 vector field whose flow map is in WP(5'"'^) but is 

3 

neither Lipschitz nor if 2 . 

Theorem 1.2 implies that a quasisymmetric homeomorphism h of the Weil-Petersson 
class is absolutely continuous such that logh' G if 2. This fact is hoped to be useful to 
the further study of the geometry and structure of Tq. As we shall see later (see Remark 

5.6 below), WP(5'^)/5'^ has a very simple model, namely, it can be identifled as the real 

1 

Hilbert space H^ /M under the bijection h 1— ?> log \h'\. Based on this observation, we will 
introduce a new metric on Tq, which can be deflned roughly as follows: 

(1.2) (i(/li,/l2) = II log|/ii| -log|/i2|||^i, /ii,/i2eTo. 

The advantage of this metric is that, as a global metric, it gives directly the distances 
between two points in Tq. This is in contrast to the case for the Weil-Petersson metric. 
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which is an infinitesimal Riemann metric on the tangent bundle of Tq. Anyhow, we shall 
prove 

Theorem 1.4. The metric d and the Weil-Petersson metric induce the same topology 
on Tq. 

2 Preliminaries on the Weil-Petersson Teichmuller space 

In this section, we give some basic definitions and results on the Weil-Petersson Te- 
ichmiiller space. The results turn out to be essential in the proof of Theorem 1.4. We 
follow the lines in our recent paper [SW], where the BMO theory of the universal Te- 
ichmiiller space was investigated. 

We begin with the standard theory of the universal Teichmiiller space (see [Ah] , [Le] , 
[Na]). Let M(A*) denote the open unit ball of the Banach space L°°(A*) of essentially 
bounded measurable functions on A*. For ^ G M(A*), let /^ be the quasiconformal 
mapping on the extended plane C with complex dilatation equal to ^ in A*, conformal 
in A, normalized by /^(O) = /^(O) — 1 = /^'(O) = 0. We say two elements (i and p in 
M(A*) are equivalent, denoted by ^u ~ z/, if /^|a = JAa- Then T = M(A*)/^ is the 
Bers model of the universal Teichmiiller space. We let $ denote the natural projection 
from M(A*) onto T so that $(/u) is the equivalence class [fj]. [0] is called the base point 
ofT. 

Let i?2(A) denote the Banach space of functions (p holomorphic in A with norm 

(2.1) U\U = snp{l-\zm<P{z)\. 

zEA 

Consider the map S : M(A*) — )■ i?2(A) which sends fu. to the Schwarzian derivative of 
/^|a- Recall that for any locally univalent function /, it Schwarzian derivative 5"/ is 
defined by 

(2.2) Sf = N'f-^N], Nf = {log f')'. 

It is known that 5" is a holomorphic split submersion onto its image, which descends 
down to a map /3 : T — > i?2(A) known as the Bers embedding. Via the Bers embedding, 
T carries a natural complex Banach manifold structure so that $ is a holomorphic split 
submersion. 

We proceed to define the Weil-Petersson Teichmuller space (For details, see [TT2] and 
also [Cu]). We denote by £(A*) the Banach space of all essentially bounded measurable 
functions // with norm 



(1 P P I / \ 1 2 

- // .1 |2 _ ^.2 ^xdy 

Set yW(A*) = M(A*) n £(A*). Then Tq = M{A*)/^ is the Weil-Petersson Teichmuller 
space. Actually, Tq is the base point component of the universal Teichmuller space under 
the complex Hilbert manifold structure introduced by Takhtajan-Teo [TT2]. 
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We denote by 13(A) the Banach space of functions (p holomorphic in A with norm 

(2.4) UWs = (^ 11^ \Hz)\\l - \z\Ydxdy^ ' . 

Then, i3(A) C i?2(A), and the inclusion map is continuous. Under the Bers projection 

S : M(A*) -> S2(A), S{M{A*)) = S{M{A*)) n B{A). Moreover, we have 

Proposition 2.1. S : A^(A*) — )■ B{A) is a holomorphic split submersion from A^(A*) 
onto its image. Consequently, Tq has a unique complex Hilhert manifold structure such 
that 13 : Tq ^ 'S(A) is a hi-holomorphic map from Tq onto a domain in B{A) . Under 
this complex Hilhert manifold structure, the natural projection $ from A^(A*) onto Tq 
is a holomorphic split submersion. 

It is well known that a quasiconformal self-mapping of A* induces a bi-holomorphic 
automorphism of the universal Teichmiiller space (see [Le], [Na]). Precisely, let w : 
A* — )■ A* be a quasiconformal mapping with complex dilatation fj.. Then w induces an 
bi-holomorphic isomorphism R^ : M(A*) — )■ M(A*) as 

(2.5) RU'^) = (-, ^=)ow-\ 

\i — Hu dw/ 

Ryj descends down a bi-holomorphic isomorphism w* iT—j-T by t(;*o$ = $o R^. 

Proposition 2.2. Suppose w is quasi-isometric under the Poincare metric with Bel- 
trami coefficient n G A^(A*). Then w* : Tq -^ Tq is bi-holomorphic. 

Proof. Clearly, R^, maps A^(A*) into itself, and R^ : M{A*) -)■ A^(A*) is bi-holomorphic. 
It follows from Proposition 2.1 that w* : Tq — ?■ Tq is bi-holomorphic. D 

We continue to consider the pre-logarithmic derivative model of the Weil-Petersson 
Teichmiiller space. Let -B(A) denote the space of functions (p holomorphic in A with 
semi-norm 

(2.6) ||</>||b = sup(1-|^|2)|</.'(^)|, 

and Bo{A) the subspace of -B(A) which consists of those (J) satisfying lim|2|^i(l — 
|2;p)(/)'(2) = 0. Recall that the pre-logarithmic derivative model T of the universal 
Teichmiiller space consists of all functions log/' (in B{A)), where / belongs to the well 
known class Sq of all univalent analytic functions / in the unit disk A with the normal- 
ized condition /(O) = /'(O) — 1 = that can be extended to a quasiconformal mapping in 
the whole plane (see [AG], [Zhu]). Under the topology of Bloch norm (2.6), T is a discon- 
nected open set. Precisely, T = T^ Ueg[o,27r) Tg, where T), = {log/' : / G 5'q is bounded} 
and Tg = {log/' : f E Sq satisfies/ (e*^) = oo}, 9 G [0, 27r), are the all connected compo- 
nents of T (see [Zhu]). Each Tg is a copy of the Bers model T, while T^ is a fiber space 
over T. In fact, Tb is a model of the universal Teichmiiller curve (see [Ber], [Te]). 
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Let AV{A) denote the space of all functions (p holomorphic in A with semi-norm 

(2.7) U\Uv=l^lJJj<P'{z)fdxdyy, 

and AVo{A) = {(p e AV{A) : (p{0) = 0}. Then ^^'(A) C So(A), and the inclusion 
map is continuous. We may define AV{A*) similarly. Define 

(2.8) A{cP) = cP"-^{cpr.<PeAV{A). 

Then it holds the following basic result. 

Lemma 2.3 ([TT2]). A : AV{A) -^ B{A) is holomorphic. 

We come back our situation. Fix ^o ^ ^*- For fx G M(A*), let g^^ (abbreviated to 

be g^) be the quasiconformal mapping on the extended plane C with complex dilatation 
equal to fx in A*, conformal in A, normalized by g^{0) = g'^{0) — 1 = 0, g^{zo) = oo. 
Then ^u ~ z/ if and only if (7^|a = 9v\a- Consider the map L^^ on M(A*) by setting 
L^g{jj) = logg'^. Then U^oeA*L^^{M{A*)) = fb n AVo{A). We have the following 
result. 

Theorem 2.4. For each zq e A* , L^^^ : M{A*) -)■ AVo{A) is holomorphic. 

Proof. We first show L = L^^ ■ M{A*) -^ AVo{A) is continuous. Recall that L is 
continuous on M(A*) in the topology of Bloch norm (2.6)(see [Le]), namely, 

(2.9) sup \Ng^{z) - Ng^{z)\{l - \z\') < CiMUlW " ^lU, ^, ^ G M(A*). 
zeA 



Then, 






1 L{^) - 


-L{n)\\l,^ = \jj^N,Sz)- 


-Ng^{z)fdxdy 


<Ci 


\M-N,^m' + llji- 


- zmNiiz) 




«^-/u|U + / / (1 - k 



2\2 



1 ' 

(SAz) - S,{z)) + -{Nliz) - Nliz)) 

|2 \ 



dxdy 



W - //Hoc + \\S{u) - 5(/i)||^ + (||L(z.)|| j,^ + \\Li^)rA^)\W - ^l,oo.- 

By the holomorphy of ^ : yW(A*) ^ -B(A), we conclude that L : M{A*) ^ AVq{A) is 
continuous. 

Now for each z e A, define 1^(4)) = (piz) for (j) e AVo{A). Then, /^ G AVq{A), that is, 
Iz is a continuous linear functional on the Banach space AVq{A). Set A = {l^ : z & A}. 
A is a total subset of A'Dq{A) in the sense that lz{(p) = for all z G A implies that (j) = 0. 
Now for each ^ G A, each pair {p, u) G A4(A*) x £(A*) and small t in the complex plane, 
by the well known holomorphic dependence of quasiconformal mappings on parameters 
(see [Ah], [Le], [Na]), we conclude that lz{L{n + tv)) = L{fx + tu){z) is a holomorphic 
function of t. By a general result about the infinite dimensional holomorphy (see [Le], 
[Na]), it follows that L : M{A*) -^ AVo{A) is holomorphic. D 
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Theorem 2.5. T5 n^X'o(A) is a connected open subset of A'Dq{A), and A is a holo- 
morphic split submersion from Tb fl AVoiA) onto /5(To). 

Proof. Clearly, Tb fl A'Do{A) is an open subset of AVq^A). We need to show that each 
point of Th n AVoiA) can be connected to by a path in Tj, fl A'Do{A). 

Let log f G Tb n AVq^A). Then / can be extended to a quasiconformal mapping in 
the whole plane whose Beltrami coefficient /i belongs to A^(A*), and zq = /~^(oo) G A*. 
For each t G [0, 1], let ft G Sq be the unique mapping whose quasiconformal extension 
to the whole plane has Beltrami coefficient t//, and ft{zo) = 00. Theorem 2.4 implies 
that log //, t G [0, 1], is a path in TJ, n A'Dq{A) joining log /g to log /'. Now, if zq = 00, 
then fo{z) = z, and we are done. If zq ^ 00, then fo^z) = zqz/{zq — z), and log/Q(r-), 
r G [0, 1], is a curve in Th fl AVq{A) connecting and log /g. 

Clearly, Lemma 2.3 implies that A is holomorphic on T5 n^'Do(A). Choose zq G A*. 
Since S = AoL^g, we conclude that A is a holomorphic split submersion from T^fl^PolA) 
onto (3{To) since L^^ : M{A*) -^ fbnAVo{A) is holomorphic, and S : yW(A*) -^ (3{To) 
is a holomorphic split submersion. D 

3 Some lemmas 

In this section, we give some lemmas needed to prove Theorems 1.1 and 1.2. First we 
recall some basic definitions and results on Sobolev spaces, the harmonic Dirichlet space 
and the BMO space that will be frequently used in the rest of the paper (see [Gar], [RS], 

For any s > 0, the Sobolev space H^ consists of all integrable functions u G -^^([0, 2n]) 

on the unit circle with semi-norm 

1 
/ +00 \ 2 

(3.1) \\u\\hs = Yl InHaniu)]'' 



v.n= — 00 



where, as usual, an{u) is the n-th Fourier coefficient of u, namely, 

(3.2) aniu) = ^ r u{e)e-'^'de. 

In this paper, the two cases we are concerned are s = | and s = ^. Recall that u G H^ if 
and only if u is absolutely continuous with u' (z H^ . It is also known that an integrable 
function u on the unit circle belongs to H^ if and only if 

n i\ r r N'')-"Wi' . ., ^ ^ 

"■" L I |sin((.-t)/2)p"''*<+~- 

We need another description of the space if 2. Let I^(A) denote the space of all 
harmonic functions u in the unit disk A with semi-norm 

(3.4) \\u\\r, = (- f f {\d^u\^ + \dsu\'^)dxdy 
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Then, I^(A) = AV{A) © AV{A), or precisely, for each u E ^(A), there exists a unique 
pair of holomorphic functions (p and t/j in AV{A) with (p{0) — u{0) = i(;{0) = such 
that u = (p + t/j. Here it is a convenient place to introduce two basic operators on the 
Dirichlet space ^(A). They are P"*" and P~ , defined respectively by P~^u = (p and 
P~u = ip{z) for u = (p + t/j. It is well known that each function u G T>{A) has boundary 
values almost everywhere on the unit circle, and the boundary function ti(e*^) belongs 
to if 2^ and conversely each function in H^ is obtained in this way (see [Zy]). In fact, 
the usual Poisson integral operator P establishes a one-to-one map from H^ onto T>{A) 
with llP-ullx) = ||tt|| 1 . 

Let /q be a finite interval on the real line. An integrable function u G L^{Io) is said 
to have bounded mean oscillation if 

(3.5) II^IIbmo = sup — / \u{t) — ui\dt < +00, 

m J I 

where the supremum is taken over all sub-intervals / of /q, while uj is the average of u 
on the interval /, namely, 

(3.6) ui = — u{t)dt. 

I-' I Ji 

If u also satisfies the condition 

(3.7) lim — / |w(t) --u/lrft = 0, 

l^l^o |/| Ji 

we say u has vanishing mean oscillation. These functions are denoted by BMO and 
VMO, respectively. In the following, unless specified, these functions are considered 
on the unit circle, namely, /q = [0, 27r]. Then H^ C VMO, and the inclusion map is 
continuous (see [Zh]). 

We need some basic results on BMO functions. By the well-known theorem of John- 
Nirenberg for BMO functions (see [Gar]), there exist two universal positive constants 
Ci and C2 such that for any BMO function -u, any subinterval / of Iq and any A > 0, it 
holds that 

(3.8) \{t^I:Ht)-u,\>X]\ ^ p^ ^^p ( -CA 



\I\ VIIw-IIbmo 

For any p > 1, by Chebychev's inequality, we have 

— / (el"-^^l - lydt = Tjr \{tel :\u-ui\> X}\ d{{e^ - 1)^] 

I-' I Ji I-' I Jo 

< pCi Hie^ - If-'e^exp ( ^f^^) dX. 
Jo \\\u\\bmo/ 

When pIIwIIbmo < C2, we obtain 

(3.9) ^ /(el---l - Ifdt < /^^";;"^^Q . 

\I\Ji C2-p\\u\\bmo 

We will repeatedly use the following basic result: 
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Lemma 3.1. Let u G BMO and p > 1. Then e'^ G Lp[Iq) when p\\u\\-qmo is small. In 
particular, if u E VMO, then e" G Lp{Iq) for any real number p > 1. 

Proof. When pHwUbmo < C'27 it follows from (3.9) that 

(3.10) \\e^-^'o - if = -L [ |e--^o _ i\Pdt < ^^iII^IIbmo 



l-^ol Jio C2 — p\\u\\bmo 

Consequently, 

l|e"||p < ell"'li(||e"-"^o _ i\\^ + \I^\3) < +cx). 

Now suppose u G VMO, and p > 1 is any real number. By (3.7), for any sufficiently 
small subinterval / of /q, u has small BMO norm on / so that e^ G L'p{I). Decompose 
/q as the union of finitely many small subintervals Ij so that e" G Lp{Ij), we conclude 
that e'^ G Lp{Io) as required. D 

Lemma 3.2. Let u G VMO and u^ G BMO on the unit circle. If \\un — wUbmo ~^ 
and ao{un — w) — )■ when n — )■ 00, then for any p > I, ||e"" — e"||p — )> as n ^ 00. 



Proof By (3.10), 

^{un-u)-ao{u„-u) _ 2 



2p 2pCi||wn - w||bmo n 

— 7; n n ^ U, n — 7- 00. 

2p C2-2pW„-WBMO 



On the other hand, since v G VMO, Lemma 3.1 implies that e" G L^p([0, 27r]). Conse- 
quently, 

II •«„ _ 1111 < llplin--" _ 1 II ||p'"|L 

ll'^ ^ lip — \\^ ^\\2p ll'^ Il2p 

«^ ll/3"ll / ^"o(^in— ti) ||^(^in— ^^)— ao(^t7^— ^^) _ 1 11 1 \\„ao{un-u) _ 1 || \ 

— \\^ \\2p [^ ||c -'-||2p~r||C -'-||2p); 

which implies ||e"" — e'"||p — )> as n — )■ 00. D 

Recall that for each sense-preserving homeomorphisms h of the unit circle onto itself, 
there exists some strictly increasing continuous function (p on the real line with (j)(9 + 
2tc) — (f){9) = 2tt such that /i(e*^) = e'^^^^\ When (p is differentiable at 6*, we say that h 
is differentiable at e*^, and set 

(3.11) /i'(e^^) = e*('^(^)-^)V(^)- 

We say h is absolutely continuous on the unit circle if (/) is locally absolutely continuous 
on the real line. 

Lemma 3.3. Let h be an absolutely continuous sense-preserving homeomorphism on 
the unit circle such that logh' G VMO. Then h is a quasisymmetric homeomorphism. 
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Proof. Partyka (see [Pal], Theorem 3.4.7) asserted that h is actuaUy a symmetric home- 
omorphism in the sense of Gardiner- SuUivan [GS], namely, for any pair of adjacent 
subintervals /i and I2 in [0, 27r] with |/i| = I/2I, it holds that 

(3.12) 111^ = ^ + °(^)' |/i| = |/2|^0 + . 

A detailed proof of this fact was given in [Pa2] . Here we give a fast proof for completeness. 
Let /i(e*^) = e^^^^' as above, and set v = logcp' = log\h'\ for simplicity. Then 
V G VMO. For any small subinterval / in [0, 2n] such that the BMO-norm of z; on / is 
small, we conclude by (3.9) (with p = I) that 

(3.13) fe\---'\dt<\I\(l + -^^^^4¥^]=\I\{l + o{l)), |/|^0. 

Jl V ^2 — ||f^|/||BMO/ 

Noting that 

\h{I)\= [ (l)'{t)dt= /e"rft = e"^ /e"-"^c^t. 



we obtain from (3.13) that, as |/| — )■ 0, 

\h{I)\ <e"^ /"el"-"^ldt< |/|e"^(l + o(l)), 

|/i(/)|>e"^ /"e-l"-"^lrft> —il^!i->|/|e^^ (1 + 0(1)), 
and so 

(3.14) |/i(/)| = |/|e^^(l + o(l)), |/|^0. 

Now let /i and I2 be two adjacent subintervals in [0, 27r] with |/i| = I/2I = / being 
small such that the BMO-norm of f on /i U I2 is small. It holds that (see [Gar], (1.3) in 
Chapter VI) 

(3.15) \vi^-vi^\=2\vi^-vi^yji^\<A\\v\i^yji^\\^MO^o{l), /->0 + . 

Then (3.12) follows from (3.14-3.15) immediately. D 

Lemma 3.4. Let h be an absolutely continuous sense-preserving homeomorphism on 
the unit circle. Then logh' G H2 if and only if log \h'\ G H2. 

Proof. Let h{e^^) = e*'^'^^-* as before. Without loss of generality, we assume that /i(l) = 1 
so that (j){0) = 0, (/)(27r) = 2n. Then \h'{e'^)\ = (^'(^), and 

(3.16) logh'ie'^) =log\h'{e'^)\+i{(P{9)-9). 
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It is clear that log \h'\ G H^ if \ogh' E H^ . 

Conversely, we suppose that \og(j)' = log \h'\ E H^. We shall show that (f)(9) —9e H^ , 
which implies that log/i' G -ff 2. In fact, the n-th (n 7^ 0) Fourier coefficient of (f){6) — 6 
is 



1 f.2TT 1 r'ilT 



27r Jo 2?i7rz Jq 

Thus, by Parseval's equality, we conclude by Lemma 3.1 that 



27r 2 

= ||'^'-l||^<+oo. 



This completes the proof. D 

4 Proof of Theorem 1.1 

In this section, we will prove Theorem 1.1 by means of Theorem 1.2, whose proof will 
be given in the next section. Combing with Theorem 1.2, the following result gives the 
proof of Theorem 1.1. 

Theorem 4.1. Define h{e'^) = e^'^(^) by 

(4.1) ^^^^^''l (log'sm^ + ^^^^')rft,^G[0,27r], 

where c> is a constant so that ^p{2tv) = 27r. Then h is a sense-preserving homeomor- 

1 3 

phism which is absolutely continuous such that logh' G -ff 2, but h is neither H2 nor 
Lipschitz. 

Proof. We consider 

2 

(4.2) ^(2)= log log. 



1-z 
g is holomorphic in A, and except for e*^ = 1, lim^^e*" 9{^) exists and equals 

/ ,fl\ 1 f . ■ ^ .TV — 9 

g{e ) = log — log sm — h ^ 



2 2 

We first show that g G AV{A). Noting that 

g'iz) ^ 



2 ' 



(1 - z) log J 
it is sufficient to show that 



\g'{z)\^ < +00. 

{|2-1|<1,KZ<1} 
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This can be be done as follows: 



// 



W{z)\ 



2 



iy \^j\ I I 1 2 12 

{|2-l|<l,5Rz<l} J {\w\<l,Uw>0} PiOg-l 



1 



de 



'L'""jo p-(ioii+m) 



p 



1 1 TT 

arctan 



plogf 21og2| 

/•+°° arctan ^f 
= 2 / ^rfx 

Jlog2 ^ 

< n —^dx 

J\oe,2 



x"^ log 2 



Thus, g (z H'2 ^ which implies that ^g ^ H^ . By Lemma 3.1, we obtain that exp{2^g) G 
Li([0,27r]). Noting that 



5R(7(e^') = log 



log sin - + i 



9 n-9 



2 2 



1. A 2 . ^ (^-^) 
log log sm - + 



2 ° V 2 4 



we conclude that our function </? defined in (4.1) is well-defined, strictly increasing and 
absolutely continuous with 

(4.3) ^'(^) = c(log^in^ + ^^^). 

Thus, h is an absolutely continuous sense-preserving homeomorphism of the unit circle 
onto itself. Since Hv^'lloo = c>o, /i is not Lipschitz. On the other hand, since log*/?' = 
logc -|- 2^g e if 2 ^ we conclude by Lemma 3.4 that logh' G H^ . 

It remains to show that h is not in H^. By means of (3.1) and (3.2), it is sufficient 
to show that if' is not in H^. In fact, by (3.1), for each homeomorphism h{e ) = e^'^^ ' 



of the unit circle, /i(e'^) G H2 if and only if (/i(e*^))' = e*'^^^V'(^) ^ H^ . On the other 
hand, noting that 

\e'^^^)(P'{s) - e'^^'^'{t)\ > \(l)'{s) - (P'{t)\, 

we conclude by (3.2) that e''^^^'^ (p' (9) e H^ implies (i)'{9) G H^. 

To prove ip' is not in if 2, we consider the following analytic function in the unit disk 

(4.4) /(^)=log(l-^). 
Then, except for e*^ = 1, lim^^e^* f{^) exists and is equal to 

(4.5) f{e'') = log(l - e*^) = log2 + log sin ^ - z^^. 
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It is easy to see that / does not belong to A'D{A), which imphes that ^f is not in H^ 
Thus, logsin(^/2) is not in H^. By (3.3) we have 

(4.6) r r '^°g"T^°gf^'^.c/t = +00. 

Jo Jo |sin(s-t)|^ 

Fix < e < 7r/4, and set I, = [n/2 - e, n/2 + e], {I, x I,y = [0, n] x [0, n] - I, x /, 
Noting that log(l + x) < x when x > 0, we find that 

\x — v\ 

I log X — log y I < , X > 0,y > 0. 

min(a:, y) 

On the other hand, sinx > 2/nx when < x < n/2, we conclude that 



log sin s — log sin tp tt^ |sins — sintp tt^ 



n 



2 



|sin(s — t)p 4 |s — tpmin(sin^s,sin^t) 4cos2e 2' ' 

Thus, 

f f I log sins — log sin tl^ , , 

L L hin(»-i)P ''"' -= ^°°- 

It follows from (4.6) that 

log sin s — log sin t P 

j --;5 asat = +00. 

(/,x/,)- |sin(s-t)|^ 

Noting that log sins < log cose < when s G /^, we conclude from the above equality 
that 



(/.x7,)- 



log sins — log sintp 
I sm(s — t)p 



2 [[ I log sin s- log sin tp 

> fog cose / / j ; -p5 asat = +oo. 

JJihxh)- |sm(s-t)|^ 

By (3.3), this implies that log sin(^/2) is not in if 2. 

Now it follows easily from (3.1) that the second part of (/?' in (4.3) is in H2. Actually, 
a direct computation will show that the n-th {n 7^ 0) Fourier coefficient of {n — 9)'^ is 

Consequently, ip' is not in if 2. This completes the proof of Theorem 4.1. D 

3 

Now a natural question is whether an if 2 quasisymmetric homeomorphism h satisfies 
logh' G if 2 so that it belongs to the Weil-Petersson class. The following result gives a 
stronger answer in the negative. Recall that an infinitely differentiable function on the 
unit circle belongs to H'^ for any s > 0. 
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Proposition 4.2. There exists an infinitely differentiable symmetric homeomorphism 
h such that logh' does not belong to VMO. 

Proof. Define h{e^^) = e^^^^^ by 

(j)[e) = e-sme. 

Clearly, h is an infinitely differentiable homeomorphism of the unit circle, and (l)'{9) = 
1 — cos^ = 2sin^(^/2). Consider the analytic function / we defined by (4.4) during 
the proof of Theorem 4.1. It is easy to see that / even does not belong to Bq{A), 
which implies that 3f?/ is not in VMO (see [Gar], [Po2], [Zhu]). So logsin(^/2) is not in 
VMO. Thus, log(/)' and consequently logh' is not in VMO. It remains to show that h is 
symmetric. 

For 9 G [0, 2n] and small t, 

(j){0 + t)- (p{e) = t - sin{e + t) + sin 6* = (1 - COS e)t + o(l)t, 

where o(l) tends to zero uniformly for ^ as t — )■ 0. Then, for any pair of adjacent arcs 
/i and I2 on 5"^ with small arc- length |/i| = I/2I, 

^^^ = 1 + 0(1), |/l| = |/2|^0. 

So /i is a symmetric homeomorphism. D 

5 Proof of Theorem 1.2 

In this section, we will give the proof of Theorem 1.2. The proof is based on the study 
of the pull-back operator on the Sobolev space H^ and also on the Dirichlet space ^(A) 
by a quasisymmetric homeomorphism. 

Let /i be a quasisymmetric homeomorphism. Then h induces a pull-back operator by 

(5.1) PhU = uoh, ueH^. 

Ph is a bounded isomorphism from if 2 onto itself, and P^^ = Ph-^- This operator has 
played an important role in the study of Teichmiiller theory (see [HS] , [NS] , [Pal] , [SW] , 
[TT2]). In particular, Nag-Sullivan [NS] proved that the universal Teichmiiller space T 
can be embedded in the universal Siegel period matrix space by means of the operator 
Ph (see also [TT2]). Notice that Ph (or more precisely, P o Ph, the composition of Ph 
with the Poisson integral operator P) is also a bounded isomorphism from ^(A) onto 
itself, and Pf^^ = Ph-^- 

Proof of "only if "part: Recall that for any quasisymmetric homeomorphism /i, there 
exists a unique pair of conformal mappings f E Sq and g on A and A*, respectively, 
such that /(O) = /'(O) — 1 = 0, g{oo) = 00, h = f~^ og on S^. We call this a normalized 
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decomposition of h. Conversely, for each / G Sq, there exists a quasisymmetric h with 
the normahzed decomposition h = f~^ o g. It is clear that h is uniquely determined if 
h{l) = 1, and in this case we say h is the normalized conformal sewing mapping of /. 

Now suppose h G WP(5'^). Consider the above normalized decomposition h = f~^og. 
Then, log/' G AV{A), logg' G ^^'(A*). For details, see [TT2] and also [Cu]. Then, h 
is absolutely continuous on S^, and from f o h = g we obtain (/' o h)h' = g'. Thus, 

(5.2) log h' = log g' -logf'oh = log g' - Pn log /'. 

Consequently, logh' E H^. D 

The proof of the another direction is more difficult. We need to investigate further the 
pull back operator Ph induced by a quasisymmetric homeomorphism. When restricted 
to AVi^A), Ph (more precisely, P o P^) is a bounded operator from A'D{A) into I'(A). 
So we may define two further operators P^ = P^ o P^ and Pf^ = P~ o P^. Both P^ 
and Pf^ are bounded operators from AV{A) into itself. For completeness, we recall that 
P^ is a compact operator if and only if h is symmetric, while Pf^ is a Hilbert- Schmidt 
operator if and only if h belongs to the Weil-Petersson class WP(5'^) (see [HS]). We will 
not use this result in this paper. 

The following result will play an important role in our proof. 

Proposition 5.1. Pf^ is a bounded isomorphism from A'D( A) onto itself. Moreover, it 
holds that 

(5.3) \\P!t<P\\Av = UWav + \\Ph<P\\Av. <P e AV{A). 

Proof. The proof is based on the observations in our previous papers [HS] and [SW] . For 
completeness, we give the details here. 

Let ^^(A) denote the complex Hilbert space of all holomorphic functions t/j on the 
unit disk with norm 

(5.4) mU = (^IJIjHOfd^dvy . 

Then, D(j)(z) = (j)' [z] defines an isometric isomorphism from AT>q[A) onto ^^(A). 

For a quasisymmetric homeomorphism h, two kernel functions were introduced in the 
previous paper [HS] by Hu and the author. They are 



(5.5) <^^(C,^) = -L I 

l-ni J SI (1 



(5.6) MC.z) 



h{w) 



2m J SI {l-Cw)Hl-zh{w)r'^' 


\^ V, , ^ y <^ i-l /N i-J 


1 f h{w) 
2mJs.{C-wY{l-zh{w)) "'' 


(C,^)gAxA 
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These two kernels induce two bounded operators on ^^(A) as follows: 

(5.7) T-V(C) = IJJ MC.zmz)dxdy, ^ E A\A), C G A, 
and 

(5.8) T+ij{C) = ^jj MC.z)ij{z)dxdy, ^ E A^{A), C G A. 

Then, Theorem 3.1 in [HS] says that on ^^'(A), 

(5.9) Dop-=T-oD, DoP+=T+oD, 
while Lemma 2.3 in [SW] says that 

(5.10) \Ki^\\% = \m'A^ + Ki^\\%, i^EA^A). 

(5.3) follows from (5.9) and (5.10) immediately. It remains to show that P^ is surjective. 
Consider the decomposition h = f~^ o g as above. Set 

(5.11) W.C..)^ij§^-j^, (C..).AxA. 

Then Sf{z) = — 6t/(/, z, z) is the Schwarzian derivative of /. / determines the so-called 
Grunsky operator on ^^(A), defined as 

(5.12) GfijiC) = ljj U{f, C, z)ij{z)dxdy. 

It is known that Gf is a bounded operator from ^^(A) into itself with ||G/|| < 1 (see 
[Pol], [Shl-2], [TT2]). The following relation was proved by the author and Wei [SW]: 

(5.13) T+oG/ = JoT-oJ, 



where J is the operator defined by J(l){z) = (/){z) so that J^ =id, J o D = D o J. 

Now let V e AV{A) be given. Choose ui E AVo{A) so that Du = -GfJDip. By 
(5.13) it holds that 

JT'D^ + T+Du = JT'Di; - T+GfJDi; = 0. 

By (5.9) we obtain 

D{P+u + JP^i^) = T+Du + JT-D,l, = 0. 

Then, 



PPhO^ + uJ)= P+ij + JP-^ + P+a; + JP'o; = P+V + JP^^u + P^O). 



Set (/) = P^ij + JP^^ + Ph^i'^)- Then (j) E AV{A), and P/,-i(/) = V' + w. Consequently, 
P^-i4> = '07 and P^_i is surjective. Replacing h~^ with /i, we conclude that P^ is 
surjective. D 

To proceed, we consider the harmonic conjugation operator H in the usual sense. 
Precisely, for a real valued integrable function u on the unit circle, there exists a unique 
harmonic function v on the unit disk with v{0) = such that Pu + iv is analytic. Then 
Hu = v\s^- When u is complex valued, set Hu = H^u + iH'^u. Then, Hu = Hu, and 
H(p = —i{(p — (p{0)) when (p is holomorphic. We have the following basic result: 
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Lemma 5.2. For each (j) E A'D{A), it holds that 
(5.14) {HPh + PhH)(t) = -i{2P+<i) - Pf^HO) - <P{0)). 

Proof. The proof goes as follows: 



[HPh + PhH)(P = H{P+(P + JP-<P) - iPh{(t) - (/>(0)) 



- -z(P+0 - P+</,(0)) + z Jp-</, - z(P+</> + Jp-</> - </,(0)) 
^_^i2P+ct^-P+4>{Q)-4>m- □ 

Corollary 5.3. Let v G H^ be real valued. Then there exists some u G if 2 such that 

\\{H Ph + PhH)u — v\\ 1 =0. Furthermore, 2\\u\\ 1 < llf 11 1. 

Proof. Set i/j = z(i' + iHv)/2. Then Pt/j G ^P(A). By Proposition 5.1, there exists 
(j) G A'D{A) such that -P^(/> = -P^. Letting tt = ^(p, we obtain by Lemma 5.2 that 

{HPn+PhH)u = ^{HPh+PhH)cP = S(2P+(/>-(P+(/>(0)-(/>(0))) = t;-S(P+(/>(0)-(/>(0)). 

Consequently, \\{HPh + PhH)u — v\\ x =0, and by (5.3), 

4|k|P 1 = 2U\\\r. < 2\\P^\\\r. = \\v\? 1 . n 



,^5 „. ,UC -^IM <A^IUD- ll'^ll^^- 



Proof of "if" part: Suppose h is an absolutely continuous homeomorphism on the unit 
circle such that log/i' E H2 . Lemma 3.3 implies that /i is a quasisymmetric homeomor- 
phism so that Corollary 5.3 may be used. Without loss of generality, we assume /i(l) = 1. 
Then h{e ) = e^'^^ \ where (/> is a strictly increasing and absolutely continuous function 
on [0, 27r] such that (^(0) = 0, (/)(27r) = 27r. 

We first assume || log/i'|| 1 is small. By Corollary 5.3, there exists some u G -ffs and 
a real constant ci such that 

(5.15) {HPn + PhH)u{e) = -H \og(t)'{e) - ((/>(^) - ^) + ci, 

and 211^11 1 < \\H\og(j)'{6)-^{(j){9) — 6)\\ 1 is small. Then there exists a locally univalent 
analytic function / on the unit disk with /(O) = /'(O) — 1 = such that for some constant 

C2, 

(5.16) \og f'{z) = P{u + iHu){z) + C2. 

Since ||log/'||^i? = \\u + iHu\\ 1 is small, it is well known that / is univalent in 
A and can be extended to a quasiconformal mapping in the whole plane (see [Be]). 
Consequently log/' G Tf, n AVq{A). 
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Now we set v = PhU + lo^d)' . Then \\v\\ i is small. In fact, when ||loe:/i'|| i is 
small, h can be extended to a quasiconformal mapping in the unit disk whose Beltrami 
coefficient // has small norm ||//||oo (see [AZ], [Be]), which in turn implies that ll-P^wll i 
is small (see [HS], [NS]) and so | It'll i is also small. By the same reasoning as above, 
there exists a quasiconformal mapping g on the whole plane with g{oo) = oo such that 
g is conformal in A* with log^r' G AV{A*) and 

(5.17) log^'(e^^) = v{e)~iHv{e) + {c2+ici) = PhU+log (J)' -iHPnu-iH log (f)' +C2+ici. 

Now it follows from (5.15-5.17) that 

Ph log/' - logg' = {PhU + iPhHu + C2) - {PhU + logcj)' - iHPhU - iHlogcj)' + C2 + ici) 
= i{PhHu + HPhu) - log (j)' + iH log (j)' - ici 

= -i{H log (f)' {9) + {(t){e) - e)) - \og(t)'{e) + iH\og(t)'{9) 

= -logh'. 

Consequently, adding some constant to g if necessary, it holds that g = f o h. Since 
log/' G Tft n A'Do{A), we conclude that h belongs to the Weil-Petersson class under 
the assumption that ||log/i'|| i is small. It should be pointed out that the above 
reasoning was inspired by David [Da] in an other setting of BMO theory of the universal 
Teichmiiller space. 

When II log /i' II i is not necessarily small, we use an approximation process. Since 

logh' G if 2, there exists a sequence (un) of real valued (real) analytic functions such 
that \\un — log(/)'|| 1 — )■ as n — )■ oo. Replacing Un by Un — ao('Un) + aoO-Ogc/)') if 

necessary, we may assume that ao{un) = ao{log(p'). Define hn{e^^) = e*"^"*^^^ by 

(5.18) UO) = -^ -— / e-"Wrft, 9 G [0,27r]. 

Then, h^ G WP(S'^) since (f)n is a real analytic diffeomorphism. 

We first show that || log /i^ — log h'\\ i — )> as n — )■ oo. By our construction, || log (j)'^ — 

log(j)'\\ 1 — )■ as n — )> OO. Recall that H^ c VMO, and the inclusion map is continuous. 
Noting that 



|ao(e-)-l| = ^ 



27r 



< II e""*^*^ — e^"^'^' \ 



l7 



we conclude by Lemma 3.2 that ao(e"") — ?> 1 as n — ?> oo. Now (5.18) implies that 
log(/)^ =Un- logao(e''"), which implies ao{log(p'J = ao(wn) - logao(e''") -^ ao([og(f)') 
as n — 7- oo. By Lemma 3.2 again, we conclude that, for any p > 1, \\(/)'n — (/)'\\p — )> as 
n — 7- oo. Now the n— th (n 7^ 0) Fourier coefficient of (pn — (p is 

1 p2TT -I /.27r 



- / (MO) - cp{9))e-'-'de = — - / {cp'M - cp' me-'-' de 

27r Jo 2?i7rz Jq 
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we conclude that 






\cl^'M-<t^'me-^-'de 



t-nl 



which implies II (/)tj, — (/) 1 1 i < ||0n — '/'IIhi — ?■ as n — )■ oo. Thus, || log/i' — log/i'|| i — ?> 
as n — )■ oo. 

Now we consider hn = h^ o h~^ . Then hn is absolutely continuous. Noting that 

log/i; = (log/i^ - \ogh') o /i-i = P^\\ogh'^ - log/i'), 

we find that || log/i^|| i — ?> as n — ?> oo. By what we have proved in the small norm 

case, hn G WP(5"'^). Since WP(S'^) is a group (in fact a topological group, see [TT2]), 
we conclude that h G WP(S'^). Now the proof of Theorem 1.2 is completed. D 

Remark 5.6: By means of Theorem 1.2, we can give a new model of the Weil-Petersson 
Teichmiiller space. More precisely, let H^ denote the subspace of all real-valued func- 
tions in H^ . By Theorem 1.2, log|/i'| G H^ for h G WP(S'^). Conversely, suppose 

u G H^. Adding to a constant if necessary, we may assume that f^^ e^^^'dt = 27r. Set 
h{e'^) = e'^^^^ by 

(5.19) (j){e) = / e^Wrft, e e [0,27r]. 

Jo 

Then h is an absolutely continuous sense-preserving homeomorphism of the unit circle 
with log \h'\ = u. By Lemma 3.4 and Theorem 1.2, we get h G WP(5'^). Consequently, 
the correspondence h h- > log|/i'| establishes a one-to-one map from WP(5'^)/5'^ onto 

H^ /M. By means of the H^ metric, a new metric can be assigned to WP(5'^)/5'^. This 
will be done in the next section (see (6.1)). 

6. Proof of Theorem 1.4 

As stated in the introduction, the universal Teichmiiller space has a quasisymmetric 
homeomorphism model, namely, T = QS(S'^)/M6b(5'^). More precisely, there exists a 
one-to-one mapping from T onto QS(5'^)/M6b(5'^) which takes a point $(/u) to the nor- 
malized quasisymmetric conformal welding corresponding to g"^. Now T = QS{S^) / S^ 
is a fiber space over T and in fact is a model of the universal Teichmiiller curve (see [Ber] , 
[TT2] ) . Each point in T can be considered as a quasisymmetric homeomorphism which 
keeps 1 fixed. There exists a one-to-one map \1/ from T onto Tf, (an other model of the 
universal Teichmiiller curve) which sends h to log /' under the normalized decomposition 
h = /"^ og- 
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Now we consider the Weil-Petersson class. Set To = WP{S'^)/S'^. Then \& estabhshes 
a bijective map between To and T{,n^Po(A). As stated in Remark 5.6, a natural metric 
assigned to To is the following H^ metric: 

(6.1) <i(/ii,/i2) = ||log|/i2l -log|/ii|||^i, hi,h2eTo. 

Examining the last step in the proof of Theorem 1.2, we see that the metric is topolog- 
ically equivalent to the following metric: 

(6.2) rf'(/ii,/i2) = ||log/i2-log/i;||^i, hi,h2e%. 

Then we have the following result. 

Theorem 6.1. \1/ : {To,d) — )> T5 fl AVoiA) is a homeomorphism. 

Proof. We will only sketch the proof. Details can be found in sections 2 and 5. Examin- 
ing the proof of Theorem 1.2, we find out that ||\l/(/i)mx> is small if 11 log/i'll 1 is small. 

Thus, \1/ is continuous at the base point id. Conversely, if log/' G T], fl A'Do{A) has 
small norm. Let h — f~^ o g he the normalized conformal sewing mapping of /. Since 
5"/ = A(log/') has small norm (2.4), by means of the well-known Ahlfors-Weil section 
(see [AW]), / can be extended to a quasiconformal mapping in the whole plane whose 
complex dilatation ^ has the form 

(6.3) M^) = -l{\z\' - lfSf{-z-')-z-\ z G A*. 

Thus, n G A^(A*) with small norm |||U||\4/p. By means of Lemma 1.5 in [TT2], we have 
/^(oo) = 00. Since log/' G T5 fl ^X'o(A) has small norm, it must hold that / = /^|a- 
Now let w^ be the unique quasiconformal mapping of A* onto itself with Beltrami 
coefficient // and keeping the points 1 and 00 fixed. Extending ty^ to the unit disk by 
symmetry, we obtain a quasiconformal mapping w^ in the whole plane with w^{0) = 0. 
Then g = fn o w~^\a*, and h = w~^\si- Now lemma 2.2 in [TT2] implies that the 
Beltrami coefficient u of w~^ has small norm ||z/||typ. On the other hand, it is easy to 
see that h~^ = g~^ o / is the quasisymmetric conformal sewing mapping corresponding 
to rjogo J, where j{z) = z~^ is the standard refiection of the unit circle, and r is a 
constant such that r{j o g o j)'(O) = 1. Now rjogoj — rj 0/^0 w~^ o j|^ has the 
quasiconformal extension rj 0/^0 w~^ o j|a* which keeps the point at infinity fixed, we 
conclude that log(rj o g o j)' has small norm in AVq(A) since the Beltrami coefficient u 
of w~^ has small norm ||z/||p7p. Thus, log (7' has small norm in A'D(A*). It follows from 
(6.2) that II log/i'll 1 is small. Consequently, \l/~^ is continuous at the base point 0. 

We will handle the general case by changing a general point to the base point. Let 
/i G To be fixed. Consider the map Rh defined by Rh{k) = koh~^. Then Rh is a bijective 
map from To onto itself. Noting that 

(6.4) d'{RH{h),RH{h2)) = \\{logk'2-\ogk[)oh-'\\^i, 
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we conclude that Rh is a quasi-isometric map from To onto itself under the (i'-metric. 
Now let Wh be a quasiconformal extension of h to A* such that Wh is quasi-isometric 
under the Poincare with Beltrami coefficient Hh G A^(A*). Then Wh induces a bi- 
holomorphic isomorphism w^ from 7], fl AVq{A) onto itself which is related to Rh by 
\1/ o w^ = \1/ o R^. By using the translations w^ and i?/i, we conclude that both \1/ : 
(To, (i) — 7- Tft n ^X'o(A) and its inverse are continuous at a general point h = \l/(/i). D 

Proof of Theorem 1.4: The Weil-Petersson Teichmiiller space Tq = WP{S'^)/Mdh{S'^) 
can be considered as a subspace of To = WP(5'^)/5'^, which consists of the normalized 
conformal sewing mappings corresponding to (7°° with ^ G A^(A*). By Theorem 6.1, \1/ 
establishes a homeomorphism form (To,(i) onto Loo(A^(A*)). On the other hand. The- 
orem 2.5 implies that A : Loo(A^(A*) — )> (3{To) is a bi-holomorphic isomorphism. This 
already implies that the metric d and Weil-Petersson metric induce the same topology 
on To = WP(5i)/Mob(5i). D 

Remark 6.2: By Theorem 6.1, To = WP(5'^)/5'^ inherits a complex Hilbert manifold 

structure from A'Do{A) by the homeomorphism \1/ : (To,(i) — )■ Tbn^X'o(A). Meanwhile, 

1 

H^ /M provides it with a real Hilbert manifold structure by the correspondence h 1— ?> 
log \h'\ (see Remark 5.6). It is not clear whether these two manifold structures are well 
compatible with each other. We conjecture that, under the normalized decomposition 
h — f~^ o (7, both the bijective map log/' i— )■ log \h'\ and its inverse are real analytic. 
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